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BOUNDARY BEHAVIOR OF INVARIANT FUNCTIONS
ON PLANAR DOMAINS
NIKOLAI NIKOLOV, MARIA TRYBU LA, AND LYUBOMIR ANDREEV
Abstract. Precise behavior of the Carathe´odory, Kobayashi and
Bergman metrics and distances near smooth boundary points of
planar domains is found under different assumptions of regularity.
The most precise known estimates on the boundary behavior of the
Carathe´odory, Kobayashi and Bergman metrics (γD, κD and βD) of a
bounded strictly pseudoconvex domain D in Cn with C3- or C4-smooth
boundary can be found in [2, 3, 6] (for the C2,ε-smooth case see [8]).
Set dD(z) = dist(z, ∂D).
For D ⊂ C let γD(z) = γD(z; 1), etc., and
mD ∈ A = {γD, κD, βD/
√
2,
√
piKD},
where KD is the Bergman kernel on the diagonal (βD is defined if C\D
is not polar). Note that the functions in A coincide if D ( C is simply
connected.
In the plane the mentioned above results can be read as follows:
1. If D ⋐ C has C2,ε-smooth boundary (ε ∈ (0, 1]), then the function
2mDdD − 1
d
ε/2
D
is bounded;
2. If D ⋐ C has C4-smooth boundary, then mD − 1
2dD
is bounded.
Our first goal is to obtain the precise behavior ofmD near C2-smooth
boundary points of domains in C.
Proposition 1. If a is a C2-smooth boundary point of a domainD ⊂ C,
then
lim
z→a
(
mD(z)− 1
2dD(z)
)
=
χD(a)
4
,
where χ∂D(a) is the signed curvature of ∂D at a.
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We have a weaker result in the C1-smooth case.
Proposition 2. (see [4]) If a is a C1-smooth boundary point of a do-
main D ⊂ C, then
lim
z→a
2mD(z)dD(z) = 1.
The following intermediate result holds in the C1,ε-smooth case.
Proposition 3. If ε ∈ (0, 1] and a is a C1,ε-smooth boundary point of
a domain D ⊂ C, then 2mDdD − 1
dεD
is a bounded function near a.
This result is sharp as the next example shows.
Example 4. (a) If ε ∈ (0, 1), then f(z) = z − z
1+ε
4
is a univalent
function on D1 = {z ∈ C : |z − 1| < 1}, D = f(D1) has C1,ε-smooth
boundary and
lim
u→0+
2mD(u)dD(u)− 1
dεD(u)
=
ε
4
.
(b) The domain D = D ∪ {z ∈ C : |x| < 1, y > 0} is C1,1-smooth and
lim inf
z→1
(
2mD(z)− 1
dD(z)
)
= 0 <
1
4
= lim sup
z→1
(
2mD(z)− 1
dD(z)
)
.
Combining the proofs of Propositions 1 and 3, one may obtain the
following result in the C2,ε-smooth case whose proof we omit.
Proposition 5. If ε ∈ (0, 1) and a is a C2,ε-smooth boundary point of
a domain D ⊂ C, then 4mD − 2/dD − χD
dεD
is a bounded function near
a, where χD(z) is the signed curvature of ∂D at the closest point to z.
A similar example to Example 4 shows that this result is sharp.
Recall now that the boundary behavior of Kobayashi distance kD of
a bounded strictly pseudoconvex domain D in Cn is known up to ±
constant (see [1]). The same behavior have the Carathe´odory distance
cD, the Lempert function lD and, in the C2,ε-smooth case, the Bergman
distance bD divided by
√
n + 1 (see [8]).
Sharper estimates of these invariants in the case of Dini-smooth
bounded domains in C can be found in [7, 10] (kD = lD if D ⊂ C).
Our next aim is to find the precise behavior of pD ∈ {cD, kD, bD/
√
2}
near Dini-smooth boundary points of domains in C (these distances
coincide if D ( C is simply connected). Recall that Dini-smoothness
is between C1- and C1,ε-smoothness.
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Set sD(z, w) := sinh
−1 |z − w|
2
√
dD(z)dD(w)
= log
|z − w|+√|z − w|2 + 4dD(z)d(w)
2
√
dD(z)dD(w)
.
Note that sD = pD if D ⊂ C is a half-plane.
Proposition 6. If a is a Dini-smooth boundary point of a domain
D ⊂ C, then
lim
z,w→a
(pD(z, w)− sD(z, w)) = 0.
When sD → 0, Proposition 6 can be improved even in the C1-smooth
case.
Proposition 7. (a) If a is a C1-smooth boundary point of a domain
D ⊂ C, then
lim
z,w→a
z 6=w
pD(z, w)
sD(z, w)
= 1.
(b) If D ⊂ C is a C1-smooth bounded domain, then
lim
z→∂D
pD(z, w)
sD(z, w)
= 1 uniformly in w 6= z.
1. Definitions
1. A boundary point p of a domain D ⊂ C is said to be Dini-smooth
if ∂D near p is given by a Dini-smooth curve γ : [0, 1] → C with
γ′ 6= 0 (i.e.
∫ 1
0
ω(t)
t
dt < ∞, where ω is the modulus of continuity of
γ′). A domain in C is called Dini-smooth if all its boundary points are
Dini-smooth.
2. Let D be a domain in Cn. The Kobayashi (pseudo)distance kD is
the largest (pseudo)distance not exceeding the Lempert function
lD(z, w) = inf{tanh−1 |α| : ∃ϕ ∈ O(D, D) with ϕ(0) = z, ϕ(α) = w},
where D is the unit disc. Note that kD is the integrated form of the
Kobayashi (pseudo)metric
κD(z;X) = inf{|α| : ∃ϕ ∈ O(D, D) with ϕ(0) = z, αϕ′(0) = X}.
Denote by cD the Carathe´odory (pseudo)distance of D :
cD(z, w) = sup{tanh−1 |ψ(w)| : ψ ∈ O(D,D) with ψ(z) = 0}.
Then cD ≤ kD ≤ lD.
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The Bergman distance bD ofD is the integrated form of the Bergman
metric βD, i.e.
bD(z, w) = inf
γ
∫ 1
0
βD(γ(t); γ
′(t))dt, z, w ∈ D,
where the infimum is taken over all smooth curves γ : [0, 1]→ D with
γ(0) = z and γ(1) = w.
Recall that
βD(z;X) =
MD(z;X)√
KD(z)
, z ∈ D, X ∈ Cn,
where
MD(z;X) = sup{|f ′(z)X| : f ∈ L2h(D), ||f ||L2(D) ≤ 1, f(z) = 0}
and
KD(z) = sup{|f(z)|2 : f ∈ L2h(D), ||f ||L2(D) ≤ 1}
is the Bergman kernel on the diagonal (we assume that KD(z) > 0).
Note that MD ≤ MG and KD ≤ KG if G is a subdomain of D but
βD does not share this property, in general.
It is well-known that cD ≤ bD.
We refer to [5] for other properties of the above invariants.
2. Proofs
Proof of Proposition 1. For z ∈ D near a there is a unique C2-smooth
point z′ ∈ ∂D such that |z′ − z| = dD(z). Denote by nz′ the inner
unit normal vector to ∂D at z′ and set φz(τ) = z
′ + τnz′ (τ ∈ C),
Dz = φ
−1
z (D).
For any ε > 0 there exists δ > 0 such that if |z − a| < δ, then
Dε,δ := Dε ∩ δD ⊂ Dz ⊂ D−ε ∪ (C \ δD) =: D−ε,δ,
where D±ε = {τ ∈ C : 2Reτ > χ±ε|τ |2} and χ±ε = χ∂D(a) ± ε. Note
that D±ε is a disc, the complement of a disc or a half-plane.
Since βD =
MD√
KD
, to prove the result, we may replace βD/
√
2 in A
by
√
cMD, where c =
√
pi/2. Then
mD−ε,δ(dD(z)) ≤ mD(z) ≤ mDε,δ(dD(z)).
Lemma L. (localization) Let Π be the upper half-plane. Then
0 ≤ mΠ∩D(z)−mΠ(z) ≤ |z|
1− |z|2 .
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Subproof. The map f : z 7→
(
z + 1
z − 1
)2
transforms conformally Π ∩ D
onto Π. Hence
mΠ∩D(z)−mΠ(z) = |f
′(z)|
2Imf(z)
− 1
2Imz
=
1
2Imz
( |1− z2|
1− |z|2 − 1
)
≤ |z
2 − |z|2|
2Imz(1 − |z|2) =
|z|
1− |z|2 .
Lemma L easily implies that mD±ε,δ(τ) − mD±ε(τ) → 0 as τ → 0.
Simple calculations show that mD±ε(τ)− 1
2τ
→ χ
±ε
4
as τ → 0+ . Thus
χ−ε
4
≤ lim inf
z→a
(
mD(z)− 1
2dD(z)
)
≤ lim sup
z→a
(
mD(z)− 1
2dD(z)
)
≤ χ
ε
4
.
It remains to let ε→ 0.
Proof of Proposition 3. We may replace D±ε from above by
D±ε = {z ∈ C : x > ±c|y|1+ε},
where c > 0 is a constant.
If ε = 1, it follows as before that
− c
2
≤ lim inf
z→a
(
mD(z)− 1
2dD(z)
)
≤ lim sup
z→a
(
mD(z)− 1
2dD(z)
)
≤ c
2
.
Otherwise, we may choose a conformal map η± from D
±ε onto the
right half-plane Π that extends C1+ε-smoothly at 0 such that η±(0) = 0
and η±(R
+) = R+. Using Lemma L, it is enough to show that
g(x) =
2xmD±ε(x)− 1
xε
is a bounded function on (0, 1) which follows from the equalities
g(x) =
xη′±(x)− η±(x)
xεη±(x)
=
x
η±(x)
· η
′
±(x)− η′±(ξx)
xε
, ξx ∈ (0, x).
Proof of Example 4. (a) The univalence of f follows from the inequality
Ref ′ > 0 on D1 (cf. [11, Proposition 1.10]). The C1,ε-smoothness of
∂D is clear.
Choose now c > 0 such that D ⊃ G = {u+iv ∈ cD : c1−εu > |v|1+ε}.
Set δ =
1 + ε
1− ε. It is not difficult to compute that
lim
u→0+
u− dG(u)
uδ
=
2
c2(1 + ε)δ(1− ε)
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and hence
lim
u→0+
u− dD(u)
u1+ε
= 0.
Let x = f−1(u). Since mD(u)f
′(x) = mD1(x), then
lim
u→0+
2mD(u)dD(u)− 1
dεD(u)
= lim
x→0+
2
x(2− x) ·
4x− x1+ε + o(x1+ε)
4− (1 + ε)xε − 1
xε
=
ε
4
.
(b) Let u and v be the respective lim inf and lim sup . Then u ≥ 0 by
convexity and v ≤ 1/4, since D satisfies the interior 1-ball condition.
On the other hand, Lemma L easily implies that if a, b ∈ ∂D\{±1} are
such that |Rea| = 1 and |b| = 1, then lim
z→a
mD(z) = 0 and lim
z→b
mD(z) =
1/4 which shows that u ≤ 0 and v ≥ 1/4.
Proof of Proposition 6 for cD and kD.We shall use arguments from the
proof of [7, Proposition 5].
We may find a Dini-smooth Jordan curve ζ such that ζ = ∂D near
a and D ⊂ ζext. Let b 6∈ ζext, ϕ(z) =
1
z − b and G = ζext ∪ {0}. Let
ψ : G → D be a Riemann map. It extends to a C1-diffeomorphism
from G to D (cf. [11, Theorem 3.5]). Let θ maps conformally D onto a
half-plane Π. Setting η = θ ◦ ψ ◦ ϕ, then
cD(z, w) ≥ cΠ(η(z), η(w)) = sΠ(η(z), η(w)).
Since lim
z→a
dΠ(η(z))
dD(z)
= |η′(a)|, it follows that
lim
z,w→a
(sD(z, w)− sΠ(η(z), η(w)) = 0.
Hence
lim inf
z,w→a
(cD(z, w)− sD(z, w)) ≥ 0.
It remains to show that
lim sup
z,w→a
(kD(z, w)− sD(z, w)) ≤ 0.
For this, we choose a Dini-smooth simply connected domain F ⊂ D
such that ∂F = ∂D near a. Then we may proceed similarly to above.
In the next two proofs we shall use the quasi-hyperbolic distance hD,
i.e. the integrated form of 1/dD.
Proof of Proposition 6 for bD. Let ε ∈ (0, 1/4]. The arguments from the
previous proof and Lemma L implies that there exist neighborhoods
U2 ⊂ U1 of a such that F = D ∩U1 is a Dini-smooth simply connected
domain and βD > βF − ε on D ∩ U2.
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Let z, w ∈ D. We may choose a smooth curve γ : [0, 1] → D with
γ(0) = z, γ(1) = w and
bD(z, w) + ε >
∫ 1
0
(βD(γ(t))|dγ(t)|.
It follows by the proof of [10, Proposition 1] that one may find a neigh-
borhood U3 ⊂ U2 of a such that γ ⊂ D ∩ U2 if z, w ∈ D ∩ U3.
Let ψ : F → D be a Riemann map, γ˜ = ψ ◦ γ, z, w ∈ D ∩ U3 and
z˜ = ψ(z), w˜ = ψ(w). Using that ε ≤ 1/4, we obtain that
√
2(bD(z, w) + ε) >
√
2
∫ 1
0
(βD(ψ(t))− ε)|dψ(t)| >
∫ 1
0
|dψ(t)|
dD(ψ(t))
≥ hD(z˜, w˜) ≥ 2kD(z˜, w˜)− c|z˜ − w˜| =: 2s˜D(z, w),
where c > 0 is a constant. Since lim
z,w→a
(sD(z, w)− s˜D(z, w)) = 0, we get
lim inf
z,w→a
(bD(z, w)−
√
2sD(z, w)) ≥ 0.
The proof of the opposite inequality
(1) lim sup
z,w→a
(bD(z, w)−
√
2sD(z, w)) ≤ 0.
is even simpler. We choose U2 such that βD < βF + ε on D ∩ U2.
Then we may take U3 such that the bF -geodesic for any z, w ∈ D ∩ U3
belongs to D ∩ U2. It follows that bD(z, w) ≤ bF (z, w) + c′|z − w| for
some constant c′ > 0 which implies (1).
Proof of Proposition 7. (a) First, we shall show that
lim
z,w→a
z 6=w
cD(z, w)
kD(z, w)
= 1.
We may proceed as in the proof of Proposition 6, choosing ζ to be a
C1-smooth curve and then observing that ψ extends to a homeomor-
phism from G to D. Then there exists a disc U centered at η(a) such
that η(D) ⊂ D ∩ U. Hence
1 ≥ cD(z, w)
kD(z, w)
≥ cD(η(z), η(w))
kD∩U(η(z), η(w))
, z 6= w.
It follows similarly to the proof of Lemma L that the last quotient tends
to 1 as z, w → a.
Second, we have that (see [4])
lim
z→a
2κD(z)dD(z) =
√
2βD(z)dD(z) = 1.
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It follows as in the proof of [9, Proposition 5] that
lim
z,w→a
z 6=w
hD(z, w)
pD(z, w)
= 2.
It remains to use that, by [9, Proposition 6 (a)],
lim
z,w→a
z 6=w
hD(z, w)
sD(z, w)
= 2.
(b) It is a direct consequence of (a) for kD and bD, since they are inner
distances. On the other hand, by [7, Proposition 9],
lim
z→∂D
cD(z, w)
kD(z, w)
= 1 uniformly in w 6= z
which completes the proof.
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